In this letter we consider expectation values of local correlators in highly excited states of the spin-1/2 XXZ chain. Assuming that the string hypothesis holds we formulate the following conjecture: The correlation functions can be computed using the known factorized formulas of the finite temperature situation, if the building blocks are computed via certain linear integral equations using the string densities only. We prove this statement for the nearest neighbour z-z correlator for states with arbitrary string densities. Also, we check the conjecture numerically for other correlators in the finite temperature case. Our results pave the way towards the computation of the stationary values of correlators in non-equilibrium situations using the quench action approach.
Introduction
The analytical calculation of correlation functions of the spin-1/2 XXZ chain is by now a very advanced subject. There are multiple integral formulas available for mean values of local operators for both the ground state [1, 2] and in the finite temperature case [3] . Moreover it is known that these multiple integrals can be factorized, i.e. they can be expressed as sums of products of simple integrals (see [4] and references therein). This provides a very efficient way for the numerical evaluation of the local correlations.
Previous research on this subject only considered the ground state or finite temperature mean values. However, recent advances in the study of non-equilibrium processes provide motivation to determine the correlations in more general situations, for example in the case of quantum quenches [5] . Ideally one would like to obtain exact results for the time-dependent correlators after a quench, but this is beyond the reach of the present methods. A simpler task is derive the mean values in the long-time limit.
The Generalized Gibbs Ensemble (GGE) hypothesis [6] states that the stationary values of local correlators can be evaluated using a modified statistical ensemble which incorporates all higher local charges of the model with appropriate Lagrange multipliers. The papers [7, 8, 9] developed generalizations of the Quantum Transfer Matrix method (originally devised for the finite temperature problem [10] ) to compute local correlators in the GGE for quantum quenches in the XXZ chain. While [7] and [8] employed approximations, the authors of [9] were able to calculate the exact predictions of the GGE in a number of different cases. It is important to note that all of these papers used the factorized formulas for the correlators found in [11] .
In [5] a different approach was suggested which is based on first principles. If the overlaps between the initial state and the eigenstates of the final Hamiltonian are known, then the analysis of the so-called quench action (overlaps and entropy combined) provides the Bethe root distributions of sample states which determine the time evolution at large times. Such a calculation is completely analogous to the minimalization of the free energy using the Thermodynamic Bethe Ansatz (TBA), but the resulting root distributions are typically very different from the thermal case [12] .
Concerning the XXZ chain one drawback of the quench action approach is that it only provides the string densities, but up to now it has not been known how to compute the correlation functions which are the actual measurable quantities. Here we make an attempt to fill this gap. Our work is partly motivated by the papers [13, 14] where simple determinant formulas have been found for the overlaps between the Néel state and the Bethe states, thus making the determination of the saddle point distributions possible [15, 16, 17] .
The paper is organized as follows. In Section 2 we introduce the model and its coordinate Bethe Ansatz solution. In Section 3 we compute an integral formula for the nearest neighbour z-z correlator, which holds for an arbitrary distribution of Bethe roots. The finite temperature situation is considered in Section 4, where we present the QTM formulas for the local correlators and the TBA result for σ z 1 σ z 2 T . In Section 5 we introduce a generalization of the formulas of Section 2 and present two Conjectures for the local correlators. Finally, Section 6 includes the discussion of our results. Numerical data for the correlators in the finite temperature case are presented in the Appendix.
Eigenstates and root densities
Consider the XXZ spin-1/2 chain with Hamiltonian
Here h is a longitudinal magnetic field and ∆ = cosh(η) is the anisotropy parameter. For simplicity we only consider the regime with ∆ > 1 where η ∈ R + . In this work periodic boundary conditions are assumed. Eigenstates can be constructed by the different forms of the Bethe Ansatz [18] . Choosing the vector |F = |+ + · · · + as a reference state an eigenstate with N down spins can be characterised by a set of rapidities (quasi-momenta) {λ 1 , . . . , λ N } which describe the propagation of the interacting spin waves. In coordinate Bethe Ansatz the explicit wave function can be written as
Here s j denote the positions of the down spins, and we assume s j < s k for j < k. Periodic boundary conditions impose the Bethe equations:
where
is the propagator of a single down spin and the function
describes the scattering of the spin waves. If the Bethe equations hold then the energy eigenvalue is given by
The string hypothesis [19] states that in a large volume typical eigenstates consists of spin waves with real rapidities λ j and/or bound states of n spin waves such that the rapidities of the constituents are
Here x ∈ [−π/2, π/2] is called the string center and the parameters δ j are string deviations which are exponentially small in L and can be neglected in the thermodynamic limit. The string hypothesis allows us to write down a set of equations for the string centers only. Let us assume that the Bethe state consists of n "particles" such that the string lengths are α k , k = 1 . . . n, and the string centers are given by x k . The total number of down spins is
Then we have
and
The set (2.5) is called the Bethe-Takahashi equations.
Consider a large volume L with a large number of particles such that N/L = O(1). In typical eigenstates the string centers are distributed smoothly for each type of string. Let us introduce the density of roots of j-strings ρ (0) r,j and total density of j-string roots and holes ρ (0) j . The superscript (0) is introduced for later convenience. These functions satisfy the constraint following from the Bethe-Takahashi equations:
Here s
and ϕ nm (u) = ∂ ∂u (−i) log S nm (u). Explicitly
The total number of down spins is given by
It is useful to define the functions η k (u) as
such that (2.6) can be written as
The ratio 1/(1 + η k ) can be interpreted as a "filling fraction" for the k-string centers.
We note that the functions s
k are proportional to the j-string energies which follows from the fact that for a single rapidity
For further use we introduce the operator
whose single-particle eigenfunctions coincide with s (0) j :
In a large volume this relation can be written as
To conclude this section we introduce a simplified notation for the various convolutions and integrals which appear in this work. Linear integral equations of the type
will be denoted by
Also, integrals of the type
With these notations the equations for the string densities read
whereas the expectation value of Q 2 is expressed as
In this section we obtain an integral formula for the mean value σ z 1 σ z 2 Ψ for arbitrary excited states with a smooth density of roots.
Consider an eigenstate |Ψ = |{λ} N in a finite spin chain of length L. We apply the Hellmann-Feynman theorem [20] for this particular state, such that we choose ∆ as the variation parameter:
It is convenient to express the energy in terms of the Q 2 eigenvalue as given by the relation (2.10). Using ∆ = cosh(η) we obtain
In the following we evaluate the derivative on the r.h.s. in the finite volume case and take the thermodynamic limit afterwards.
States consisting of one-strings only
First we consider the cases when the state |Ψ consists of 1-strings only. Taking the derivative of the logarithm of the Bethe equations (2.3) with respect to η leads to
where we introduced the "shift function" f (λ) by
.
In the thermodynamic limit (3.1) is written as
In the 1-string case the densities satisfy
This equation uniquely determines f (λ). The variation of Q 2 is then expressed as
In the thermodynamic limit (3.6) is expressed as
Introducing the function
and using the definition (2.8) for the 1-strings we have
The expectation value of Q 2 is simply
Putting everything together the final result for the mean value can be written as
Multiple strings
It is straightforward to extend the previous calculation to states with an arbitrary string content. Instead of repeating all the steps we merely present the results.
The mean value σ z 1 σ z 2 Ψ can be expressed by the same formula as in the 1-string case:
However, in the general case all strings contribute and we have
Here ρ (0) are the total root densities which are solutions to (2.13) and σ (0) is an auxiliary function satisfying
In the formulas above we applied the notations introduced at the end of Section 2. The sources and kernels follow from the appropriate derivatives of the string propagators and string-string scattering phases. The one-particle functions are
(3.14)
The kernels ϕ nm are given by (2.7), whereasφ nm reads
Equations (3.11)-(3.12) are a central result of this work. They are valid for arbitrary states with a smooth distribution of string centers given that the string hypothesis holds.
For the sake of completeness we note that the x-x correlator can be expressed using the relation H /L = − sinh(η)Ω 0,0 as
The finite temperature case
In this section we consider finite temperature mean values of local correlators. They are defined as
where β is the inverse temperature and f (β) is the free energy density.
Traditionally there are two different methods in the Bethe Ansatz literature to treat the finite temperature problem: the Quantum Transfer Matrix (QTM) method [21, 10] and the Thermodynamic Bethe Ansatz (TBA) [19] . Whereas they give the same result for the free energy density [22] , only the QTM was known to provide the correlators as well. On the other hand, the TBA yields the finite temperature root distributions, which can be used as an input to our equations (3.11)-(3.12). This way we obtain an independent formula for σ z 1 σ z 2 T which can be compared to the known result of the QTM method.
In the following we collect the relevant results of the two approaches and we compare the predictions for the nearest neighbour correlator.
Short distance correlators in the QTM approach
In the QTM approach the central object is the auxiliary function a(λ) which is a complex valued function over the complex plain and it is the solution of the integral equation
Here β = 1/T is the inverse temperature,
,
The free energy is computed as
The complex integrals run over a contour C which depends on the anisotropy ∆. For ∆ > 1 it can be chosen as the union of two straight line segments:
where α < η/2 is an arbitrary parameter which has to be chosen large enough so that the contour encircles all zeroes of the function 1 + a(ω) in the domain |Im(ω)| ≤ π/2, |Re(ω)| ≤ η/2. Multiple integral formulas for the finite temperature correlation functions were first derived in [3] . Later it was shown in [11] that the multiple integrals can be factorized, i.e. they can be expressed as sums of products of simple integrals. The paper [23] also presents numerical data for the short range correlators for the ∆ > 1 regime.
In the following we present the formulas extracted from [11] which are necessary for the practical computations. Let us define the auxiliary functions G a (λ) andG a (λ), a = 0 . . . ∞, which are solutions to the linear integral equations
Let the numbers Ψ a,b and P a,b with a, b = 0 . . . ∞ be given by
These objects are the building blocks for the local correlations. As a final step we define
They possess the symmetry properties
All short distance correlators can be expressed as a combination of the numbers ω a,b and W a,b . The formulas can be found in the papers [11, 23] 1 . Here we present four examples:
Using (4.4) the nearest neighbour z − z correlator is expressed as
where we used P 0,1 = −P 1,0 .
The nearest neighbour correlator from TBA
The Thermodynamic Bethe Ansatz was devised to determine the free energy density by finding a saddle point distribution to the free energy functional [24, 19] . In the case of the XXZ spin chain with ∆ > 1 the TBA yields the following set of nonlinear integral equations for the functions η k (u) defined in (2.8):
1 Our notation differs slightly from [11, 23] : Our ω and W correspond to ω and ω ′ /η of [11, 23] , respectively, and we denote the number of derivatives with respect to the variables x and y by a and b. For example W 1,2 = ω ′ xyy /η. The free energy density can then be expressed as
In (4.7) all η k are coupled through the kernels ϕ kj . A simpler form of the TBA equations can be derived where only neighbouring equations are coupled [19] ; however, it will not be used here. If the η k are found from (4.7) then formulas (3.11)-(3.13) can be used to find the densities, the auxiliary functions σ (0) k and finally the finite temperature mean value σ z 1 σ z 2 T . In order to check our results we numerically computed σ z 1 σ z 2 T for different values of ∆, β and h from both the TBA and the QTM formulas. We found convincing numerical evidence that the two approaches give the same results; examples of the numerical data are presented in the Appendix.
Conjectures for the short range correlators
It is hard to miss the conspicuous similarities between the QTM and Bethe Ansatz (BA) formulas for σ z 1 σ z 2 T : there is a formal one-to-one correspondence at each step of the calculation, even though on the BA side we have an infinite number of equations, whereas on the QTM side there are only two. It is easy to see that the building blocks of the formulas coincide:
The first equation follows from the fact that both Ω 0,0 and Ψ 0,0 are proportional to the mean value of the Hamiltonian, whereas the second follows from the equality of the two formulas for the correlator given that the first relation is already established. Based on these observations we generalize the formulas of Section 2 as follows. Let ρ (a) and σ (a) for general a ≥ 0 be given as the unique solution to the linear equations
We define the numbers Ω a,b and Γ a,b as
We propose the following two conjectures.
Conjecture 1.
In the finite temperature situation the building blocks of the QTM formulas for correlators can be computed from the string densities only. That is, 6) given that Ω a,b and Γ a,b are calculated from (5.2)-(5.5) with η k (u) being the solution of the TBA equation (4.7) and Ψ a,b and P a,b are calculated from (4.3) with a(u) being the solution of the NLIE (4.1) with the same inverse temperature and magnetic field.
The sign factors in (5.6) can be understood by noticing that the QTM and TBA rapidity parameters are related by a rotation of 90 • in the complex plane. This results in factors of i whenever the formulas for the sources are differentiated. The overall sign of Ω and Γ is fixed by the identities (5.1) which follow from their definition and the Hellmann-Feynman theorem.
We numerically checked Conjecture 1 and convinced ourselves that it holds for arbitrary anisotropy, temperatures and magnetic fields; examples of the correlators computed using Conjecture 1 are presented in the Appendix. It follows that the finite temperature correlators can be obtained from the TBA string densities only. While this procedure is numerically more costly than the pure QTM calculation, our second conjecture states that the validity of the Bethe Ansatz formulas might be more general and not restricted to the finite temperature situation.
Conjecture 2. Short distance correlators in any Bethe state with smooth distribution of string centers can be computed via the following procedure:
1. Compute the auxiliary functions ρ (a) and σ (a) from (5.2) and (5.3).
2.
Compute Ω a,b and Γ a,b from (5.4) and (5.5).
Use the relations
to obtain ω a,b and W a,b .
4. Substitute ω a,b and W a,b into the already available factorized formulas of the QTM literature. Examples for two-site and three-site correlators are presented in (4.5).
We have shown that Conjecture 2 is true for the nearest neighbour correlator with arbitrary string distributions, and numerical evidence supports its validity for all local correlators in the finite temperature case. It is an open question whether it is true in full generality.
Discussion and Outlook
We derived an analytical formula for the simplest non-trivial correlator σ z 1 σ z 2 Ψ which is valid for Bethe states with arbitrary string distributions. Our result could be used in quantum quench problems to give prediction for the long-time limit of this particular observable, if the root densities can be determined from the quench action [5, 15, 16, 17] .
Based on very close similarities with known formulas from the QTM approach we conjectured a generalization to other short distance correlators. If Conjecture 2 is found to be true, it would give a new interpretation to the factorized formulas of [11] . And even if it is not true, it still needs to be understood why it works in the finite temperature case (see Conjecture 1 and the numerical data in the Appendix).
We think it is worthwhile to recall a situation which seems to be analogous to the present one. In [25] an infinite integral series was derived for the K-body local correlators of the 1D Bose gas; the idea for this series originated from the theory of integrable QFT's where it is called the LeClair-Mussardo (LM) series. The result of [25] holds for an arbitrary distribution of Bethe roots. In [26] the LM series was summed up into simple formulas in the cases K = 2, 3. Later a different multiple integral formula was found in [27] which was factorized for K ≤ 4, reproducing the earlier results of [26] . It is very important that all of these calculations are completely general in the sense that they do not rely on any assumption of an underlying thermal ensemble. The only input to the factorized formulas is the filling fraction ρ r (λ)/ρ(λ), which is treated as an arbitrary function.
We believe that a LeClair-Mussardo series could be established also for the local operators of the XXZ chain using the methods of [25] . If such a series exists, then its application for ground state or finite temperature correlations would be far less effective than any of the existing methods, but it would be valid for arbitrary string distributions. Moreover, the conjectured results of the present work could follow from a summation of the LM series. We leave these questions to further research.
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Notes added:
The conjectured formulas of this work were used in the paper [17] to give predictions for the long-time limit of local correlations following a quantum quench. In all cases perfect agreement was found with the results of real-time numerical simulations, and this provides strong evidence for the validity of Conjecture 2.
Our results for the nearest neighbour z-z correlator presented in Section 3 were obtained independently in the paper [16] , which was submitted as an e-print to the arXiv on the same day as the present work.
A Numerical checks
We numerically checked Conjecture 2 in the finite temperature situation by computing both the QTM and TBA formulas for the quantities ω a,b and W a,b and substituting them into the factorized formulas for the short distance two-point functions. We truncated the infinite set of TBA equations and observed that the truncation number needed to obtain good agreement with the QTM results strongly depends on the temperature and the magnetic field. For large negative magnetic fields and small temperatures the higher strings are suppressed; we observed that in many cases perfect numerical agreement can be found already with ≤ 10 equations. On the other hand, if at a finite (non-zero) temperature the magnetic field is zero or very small then the contributions of the higher strings can be considerable and a large number of equations is required. In such cases we found that instead of equations (5.2)-(5.3) it is more efficient to use the decoupled form which can be written as follows.
Consider an equation of the type
Applying the well-known steps to decouple the convolution terms results in [19] 
where There is a similar formula for σ (a) which will be presented elsewhere. Examples of our numerical data are shown in Table 1 . We computed the local correlators σ a 1 σ a 1+j T with a = z, x and j = 1, 2, 3 for various values of the triplets (∆, β, h). For the sake of brevity here we only present results for σ z 1 σ z 2 T and σ x 1 σ x 4 T in 4 different situations. In the first case we chose a relatively large magnetic field. Here N = 10 equations sufficed to obtain the correct result up to 8 digits; we used the original linear equations. Note that even though the N = 10 result is already accurate to the digits given, the N = 2 and N = 4 truncations still show small differences.
In the other three cases the magnetic field was chosen to be smaller or zero. Accordingly a larger number of equations was required; in these cases we used the decoupled form of the linear integral equations. The TBA data always seems to converge to the QTM result, but for very small or zero magnetic fields we found a relative error of the order 10 −3 even at N = 40, where our current computer programs are already slow. We conclude that in these situations the strings that are longer than 40 still contribute considerably and our programs need to be improved to be able to handle these cases as well.
